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We prove several singular value inequalities for commutators of
Hilbert space operators. It is shown, among other inequalities, that
if A, B, and X are operators on a complex separable Hilbert space
such that A and B are positive, and X is compact, then the singular
values of AX − XB are dominated by those of max(‖A‖, ‖B‖)(X ⊕ X),
where ‖ · ‖ is the usual operator norm.
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1. Introduction
Let B(H) denote the C∗-algebra of all bounded linear operators on a complex separable Hilbert
space H. For a compact operator T ∈B(H), the singular values of T are the eigenvalues of the
positive operator |T | = (T∗T)1/2, enumerated as s1(T) s2(T) · · · Note that sj(T) = sj(T∗) = sj(|T |)
for j = 1, 2, . . . For compact operators S, T ∈B(H), the singular values of S ⊕ T and
[
0 T
S 0
]
are the
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same, and they consist of those of S together with those of T . Here, we use the direct sum notation
S ⊕ T for the block-diagonal operator
[
S 0
0 T
]
deﬁned onH⊕H.
It has been shown in [18] (see also [19, p. 33] and [20]) that if A,B ∈B(H) are compact and positive,
then
sj(A − B) sj(A ⊕ B) (1.1)
for j = 1, 2, . . . The inequality (1.1) is equivalent to several singular value inequalities, including the
arithmetic-geometric mean inequality (see [2,4,15,19,20]). This inequality has been recently extended
in [9] to generalized commutators of positive operators. In fact, it has been shown in [9] that if A,B,X ∈
B(H) are such that A and B are compact and positive, then
sj(AX − XB)
∥∥X∥∥ sj(A ⊕ B) (1.2)
for j = 1, 2, . . ., where ‖ · ‖ denotes the usual operator norm.
Related to the inequality (1.2), it has been also shown in [9] that if A,X ∈B(H) are positive and X
is compact, then
sj(AX − XA) 12
∥∥A∥∥ sj(X ⊕ X) (1.3)
for j = 1, 2, . . . Since unitarily invariant norms are increasing functions of singular values, unitarily
invariant norm versions of the inequalities (1.2) and (1.3) have been concluded in [9]. The unitarily
invariant norm version of the inequality (1.1) has been obtained earlier in [2]. In these norm versions,
sj(·) is replaced by ||| · |||, where ||| · ||| denotes any unitarily invariant (or symmetric) norm.
With the exception of the usual operator norm ‖ · ‖, which is deﬁned on all ofB(H), each unitarily
invariant norm is deﬁned on a norm ideal contained in the ideal of compact operators, and for the
sake of brevity, we will make no explicit mention of this ideal. Thus, when we consider |||T |||, we are
assuming that the operator T belongs to the norm ideal associated with ||| · |||. In addition to the usual
operator norm, the Schatten p-norms, including the trace norm and the Hilbert–Schmidt norm, are
typical examples of unitarily invariant norms.
A norm inequality related to the singular value inequality (1.2), for which the stronger singular
value version does not hold says that if A,B,X ∈B(H) are such that A and B are positive, then
|||AX − XB|||max(‖A‖, ‖B‖)|||X|||. (1.4)
Note that if A =
[
1 1
1 1
]
and X =
[
1 0
0 0
]
, then s2(AX − XA) = 1 > 0 = ‖A‖s2(X). For three different
proofs of the inequality (1.4), we refer to [3,9,12]. For a host of relevant commutator inequalities
with some applications, we refer to [3,5,6,9–13,16,17].
Themainpurposeof thispaper is toestablisha singularvalueversionof the inequality (1.4) involving
X ⊕ X . A generalization of this new singular value inequality to self-adjoint operatorswill be also given.
2. Main results
To establish our singular value inequalities for commutators, we need the following two lemmas.
The ﬁrst lemma has been recently proved in [8], and the second lemma is an immediate consequence
of the min–max principle (see, e.g., [1, p. 75] or [7, p. 27]).
Lemma 2.1. Let X ,Y ∈B(H) be compact. Then
sj(X + Y) 2sj(X ⊕ Y) (2.1)
for j = 1, 2, . . .
Lemma 2.2. Let X ,Y , Z ∈B(H) such that Y is compact. Then
sj(XYZ) ‖X‖‖Z‖sj(Y) (2.2)
for j = 1, 2, . . .
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Our ﬁrst inequality includes a general singular value inequality for commutators that is related to
the inequality (1.3).
Theorem 2.1. Let A,B,X ,Y ∈B(H) such that X and Y are compact. Then
sj(AX − YB) 2max(‖A‖, ‖B‖)sj(X ⊕ Y) (2.3)
for j = 1, 2, . . . In particular,
sj(AX − XA) 2‖A‖sj(X ⊕ X) (2.4)
for j = 1, 2, . . .
Proof. Using Lemmas 2.1 and 2.2, we have
sj(AX − YB) 2sj(AX ⊕ YB)
 2sj(‖A‖X ⊕ ‖B‖Y)
 2max(‖A‖, ‖B‖)sj(X ⊕ Y)
for j = 1, 2, . . . 
Our second inequality is a singular value version of the inequality (1.4) involving X ⊕ X .
Theorem 2.2. Let A,B,X ∈B(H) such that A and B are positive, and X is compact. Then
sj(AX − XB)max(‖A‖, ‖B‖)sj(X ⊕ X) (2.5)
for j = 1, 2, . . . In particular,
sj(AX − XA) ‖A‖sj(X ⊕ X) (2.6)
for j = 1, 2, . . .
Proof. First, we prove the inequality (2.6). Let a = ‖A‖. SinceA is positive, it follows that− a
2
 A − a
2

a
2
, and so∥∥∥∥A − a2
∥∥∥∥ a2 . (2.7)
Now, using Lemmas 2.1 and 2.2, and the inequality (2.7), we have
sj(AX − XA) = sj
((
A − a
2
)
X − X
(
A − a
2
))
 2sj
((
A − a
2
)
X ⊕ X
(
A − a
2
))
 2
∥∥∥∥A − a2
∥∥∥∥ sj(X ⊕ X)
 2 a
2
sj(X ⊕ X)
= asj(X ⊕ X)
= ‖A‖sj(X ⊕ X)
for j = 1, 2, . . .
To prove the general inequality (2.5), consider the operators C =
[
A 0
0 B
]
and Y =
[
0 X
0 0
]
. Then, as
operators onH⊕H, C is positive, Y is compact, and
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CY − YC =
[
0 AX − XB
0 0
]
.
Now, applying the inequality (2.6) to the operators C and Y , we have
sj(AX − YB) = sj(CY − YC)
 ∥∥C∥∥ sj(Y ⊕ Y)
= max(‖A‖, ‖B‖)sj(X ⊕ X)
for j = 1, 2, . . . This completes the proof of the theorem. 
It should be mentioned here that our singular value inequalities are sharp, as it can be easily
demonstrated by two-dimensional examples. The example A =
[
0 1
1 0
]
and X =
[
1 0
0 −1
]
shows that
the inequality (2.4) is sharp, and the example A =
[
1 0
0 0
]
and X =
[
0 1
1 0
]
shows that the inequality
(2.6) is sharp.
When comparing between the inequalities (1.3), (2.4), and (2.6), one should notice how the pos-
itivity of the involved operators affects the coefﬁcients in the right-hand sides of these inequalities.
Moreover, in the right-hand sides of these inequalities, sj(X ⊕ X), which is s[ j+1
2
](X), cannot be replaced
by sj(X) for j > 2,where [t] is the integer part of t. To see this, considerA =
[
1 1
1 1
]
andX =
[
1 0
0 0
]
. This
example also indicates that the unitarily invariant norm version of the inequality (1.3), where X ⊕ X is
replaced byX , is not true. In fact, for the trace norm ‖ · ‖1, ‖AX − XA‖1 = 2 > 12 (2)(1) = 12‖A‖‖X‖1. How-
ever, the corresponding unitarily invariant norm versions of the inequalities (2.4) and (2.6) are true.
Indeed, it follows by the triangle inequality and Lemma 2.2 that if A,X ∈B(H), then |||AX − XA|||
2‖A‖|||X|||. As for the inequality (2.6), the situation is evident by the inequality (1.4).
As an application of Theorem 2.2, we have the following generalization of Theorem 2.2 to general-
ized commutators of self-adjoint operators.
Theorem 2.3. Let A,B,X ∈B(H) such that X is compact, and A and B are self-adjoint with a1  A a2
and b1  B  b2 for some real numbers a1, a2, b1, and b2. Then
sj(AX − XB) (max(a2, b2) − min(a1, b1))sj(X ⊕ X) (2.8)
for j = 1, 2, . . . In particular,
sj(AX − XA) (a2 − a1)sj(X ⊕ X) (2.9)
for j = 1, 2, . . .
Proof. First, we prove the inequality (2.9). Since a1  A a2, it follows that 0 A − a1  a2 − a1, and
so
‖A − a1‖ a2 − a1. (2.10)
Now, using the inequalities (2.6) and (2.10), we have
sj(AX − XA) = sj((A − a1)X − X(A − a1))
 ‖A − a1‖sj(X ⊕ X)
 (a2 − a1)sj(X ⊕ X)
for j = 1, 2, . . .
The general inequality (2.8) can be proved by applying the inequality (2.9) to the operators C =[
A 0
0 B
]
and Y =
[
0 X
0 0
]
. Note that in this case, C is self-adjoint and min(a1, b1) C 
max(a2, b2). 
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It has been recently shown in [12] (see also [3,17]) that if A,B,X ∈B(H) are such that A and B are
self-adjoint with a1  A a2 and b1  B  b2 for some real numbers a1, a2, b1, and b2, then
|||AX − XB|||max(a2 − b1, b2 − a1)|||X|||. (2.11)
Inviewof the inequality (2.11), it is reasonable toconjecture that thecoefﬁcientmax(a2, b2) − min(a1, b1)
in the right-hand side of the inequality (2.8) can be replaced by the smaller coefﬁcient max(a2 −
b1, b2 − a1).
3. Concluding remarks
Weconclude the paperwith the following three remarks concerning our singular value inequalities.
Remark 3.1. The proof of the inequality (1.2) given in [9] uses the concept of Cayley transforms,
together with some basic properties of singular values. We remark here that it is possible to give
an easier and a shorter proof that utilizes the inequality (1.3). First, assume that X is contraction, i.e.,
‖X‖ 1. Then the operator Z =
[
1 X
X∗ 1
]
is positive (see, e.g., [1, p. 10]), and it follows by the triangle
inequality that ‖Z‖ 1 + ‖X‖. Let C =
[
A 0
0 B
]
. Then C is positive and compact, and
CZ − ZC =
[
0 AX − XB
BX∗ − X∗A 0
]
=
[
0 AX − XB
−(AX − XB)∗ 0
]
.
Now, applying the inequality (1.3) to the operators C and Z , we have
sj((AX − XB) ⊕ (AX − XB)) = sj(CZ − ZC)
 1
2
∥∥Z∥∥ sj(C ⊕ C)
 1
2
(1 + ∥∥X∥∥)sj(C ⊕ C)
 sj(A ⊕ B ⊕ A ⊕ B) (3.1)
for j = 1, 2, . . .
But for any compact operator T , the singular values of T ⊕ T are the same as those of T , each counted
twice the multiplicity. Thus, it follows from the inequality (3.1) that
sj(AX − XB) sj(A ⊕ B) (3.2)
for j = 1, 2, . . . For general (i.e., not necessarily contraction) operators X , the inequality (1.2) follows by
applying the inequality (3.2) to the contraction operator X‖X‖ .
Remark 3.2. Employing an argument similar to that used in the proof of Theorem 2.3, we obtain a
generalization of the inequality (1.3) to the case when A is a self-adjoint operator. This generalization
says that if A,X ∈B(H) are such that X is compact and positive, and A is self-adjointwith a1  A a2
for some real numbers a1 and a2, then
sj(AX − XA)
(
a2 − a1
2
)
sj(X ⊕ X) (3.3)
for j = 1, 2, . . .
Remark 3.3. It has been shown in [14] that if A ∈B(H) is normal, then c(A) = 2 inf z∈C ‖A − z‖ is
the diameter of the smallest disk in the complex plane containing σ(A), the spectrum of A. This fact,
together with the inequality (2.4), enables us to generalize the inequality (2.9) to the case when A
is a normal operator. If A,X ∈B(H), then for all z ∈ C, AX − XA = (A − z)X − X(A − z). Thus, if X is
compact, then by the inequality (2.4), we have
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sj(AX − XA) 2
∥∥A − z∥∥ sj(X ⊕ X) (3.4)
for j = 1, 2, . . . Since the inequality (3.4) is true for all z ∈ C, it follows that if A is normal, then
sj(AX − XA) c(A)sj(X ⊕ X) (3.5)
for j = 1, 2, . . . It should be noticed here that the inequality (3.5) is a natural generalization of the
inequality (2.9). For, if A is self-adjoint, and a1 = inf‖x‖=1(Ax, x) and a2 = sup‖x‖=1(Ax, x), then c(A) =
a2 − a1.
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